A parametric resonance due to temperature oscillations in superconducting micron-scale waveguides is considered. Oscillations of superconductor temperature are assumed to be induced by the irradiation of the waveguide with a laser beam. The laser power and parameters of the waveguide providing a possibility of parametric excitation have been calculated. It is shown that for a waveguide made of a YBa 2 Cu 3 O 7 microstrip with resonant frequency of 10 GHz a laser with a power of about 70 W/cm 2 is needed to excite oscillations. The effect can be used for the creation of high-sensitivity tuneable filters and optoelectric transformers on superconducting microstrips in the GHz range.
I. INTRODUCTION
Since the discovery of high-T c superconductors ͑HTSC͒, much attention has been paid to both theoretical and experimental investigations of their application in microwave technology. The basic advantage of superconductors over conventional materials is that they provide ultralow-loss performance in applications in microwave band. One of the most important properties of a waveguide with a superconducting wire is the dependence of its characteristics on external parameters, mainly, on temperature and magnetic field. This dependence appears since a change of external parameters leads to a change in the concentration of superconducting electrons and, therefore, to a change of the impedance of the superconductor. Superconducting electrons, moving along the wire without dissipation provide an inductive type of the waveguide impedance that is often referred to as kinetic inductance. It adds to the ''vacuum'' waveguide impedance and influences the wave propagation in the waveguide. Various effects and their possible applications based on the existence of kinetic inductance have been discussed in the literature, 1 such as signal slowing down and increase of the wave impedance in superconducting wires and interconnections, 2 a bolometer based on a superconductor in the nonresistive state, 3, 4 and impact waves in superconducting waveguides. 5 In the present work we report a new effect associated with the kinetic inductance in superconductors: parametric resonance in a superconducting micron-scale resonator. It is known 6 that in oscillating systems with periodically changing parameters, standing waves appear in some frequency ranges. This is the so-called parametric resonance effect. In our case the resonance system is a superconducting microstrip. Due to a contribution from the superconducting electrons, its resonant frequency depends on the temperature. Therefore a periodic change of the superconductor temperature can lead to a parametric excitation of current in the microstrip. In this paper we assume the modulation of temperature to be caused by a laser with an amplitude modulation. The conditions of parametric excitation and the values of the current, and the power dissipated when parametric resonances appears, have been found.
The paper is organized as follows. In Sec. II the resonant frequencies and Q factor of the system are determined. In Sec. III the equations for oscillations in the microstrip with periodically modulated temperature are deduced. In Sec. IV the heat equation is solved and the spatial distribution of temperature in the waveguide is calculated. In Sec. V the results are analyzed and some estimates are given.
II. SUPERCONDUCTING MICRON-SCALE WAVEGUIDE AS AN OSCILLATING SYSTEM
Due to extremely low dissipation in superconductors, a piece of a micron-scale superconducting waveguide can serve as a resonator with high Q-factor. Let us find out how the basic characteristics of such an oscillating system, the resonant frequency and the Q-value, depend on temperature and geometry. First we introduce some computation for the case of no temperature oscillations. Let us consider a micronscale waveguide, consisting of a superconducting microstrip, an isolating buffer layer and a superconducting base ͑see Fig.  1͒ . Propagation of electromagnetic waves in the waveguide for the principal mode can be described by telegraph equations. 7 They connect the potential difference V between the strip and the base and the current J in the strip:
Here E s and E b are electric field strengths in the strip and the base; C and L are the distributed capacity and inductance of the waveguide satisfying the relation:
LCϭ⑀, ͑2͒
c is the speed of light, ⑀ is the dielectric permeability of the buffer layer. . ͑4͒
The distributed impedance of the waveguide Z is given by the sum of the impedances of both superconductors composing the waveguide: the strip impedance Z s and the base impedance Z b . Both of them are coefficients of proportionality between the current and the field on the surface.
Let the z axis be directed along the normal to the base as shown in Fig. 1 and let the strip occupy the space 0ϽzϽd, the buffer layer dϽzϽdϩd buff , and the superconducting base zϾdϩd buff . To obtain the formula for the signal propagation, one can use Maxwell equations
and the London equation
͑where is the complex penetration depth͒. For the harmonic dependance on time and neglecting terms of the order of /c, we obtain an equation for the x-projection of the field in the strip and the base:
Under the boundary conditions
solutions of equation ͑8͒ are given by:
From ͑6͒ and ͑8͒ one can obtain the relation between the current and the field and its derivative on the surface:
where z 1 and z 2 set the limits of the area in question ͑for the strip z 1 ϭ0, z 2 ϭd, and for the base z 1 ϭdϩd buff , z z ϭϱ͒.
From the formulas ͑5͒ the following relations for the impedance can be obtained:
As an example of a resonator we consider a piece of superconducting microstrip with a length of L 0 . In this case the boundary conditions for the current are
Then, using relations ͑3͒ and ͑4͒, the resonant frequencies of the waveguide are given by
where n is an arbitrary integer. In case the base and the strip have different complex penetration depths s and b , respectively, formula ͑11͒ should be replaced by
Making use of this expression in the framework of twoliquid model one can estimate the Q-factor of the oscillating system. Here we restrict our consideration to the case of a zero applied magnetic field. In a nonzero field a contribution exists to the impedance arising from the vortex lattice. 8 The summation of the conductivities of normal and superconducting electrons gives
where ␦ s is the London penetration depth in the superconductor, ␦ n is the normal skin-layer which is determined by the expression similar to that for ͑7͒: 
Since ␦ s is of the order of 10 Ϫ5 -10 Ϫ4 cm, it can be seen that (␦ s /␦ n ) 2 Ӷ1, and the dominant contribution to the conductivity arises from the superconducting component. Keeping only the terms of the order of (␦ s /␦ n ) 2 , one can easily find from Eq. ͑12͒ the expression for the Q-factor of the system:
Here the dependence ͑͒ is determined by Eq. ͑11͒. In the limits of a very thin dӶ␦ s and very thick dӷ␦ s strip this expression can be rewritten as
III. PARAMETRIC EXCITATION OF OSCILLATIONS IN RESONATOR
It can be seen from ͑10͒ that the resonant frequencies depend on the value of the complex penetration depth , which in turn depends on the external conditions: temperature and magnetic field. This fact gives the key idea of the parametric excitation of oscillations in the system. As shown in the previous section, a resonance mode described by the spatial dependence J(x,t)ϭJ(t)sin(nx/L 0 ) satisfies the equation
Now let us deduce the equation similar to ͑15͒ for the case when changes with time because of a change in external conditions ͑e.g. under modulated laser irradiation͒. We will restrict ourselves to the simplest case when does not depend on the coordinate x along the waveguide and has only two different values: s on the inner surface of the strip and b on the surface of the base. The applicability of this assumption in the case of the periodical heating of the strip surface is discussed in the following section ͑see ͑24͒͒. The independence of of x allows us to continue using the same expression for the resonant frequency ͑11͒, while the independence of z permits an explicit analytical solution of the problem. It will be shown below that one can not simply rewrite ͑15͒ in the form
Excluding the voltage V from the telegraph equations ͑1͒, one obtains
In order to calculate the electric field E we use speculations similar to those used in the previous section for the calculation of impedances. The solution of these equations is given by
From formulas ͑17͒ and ͑18͒ we find the electric field E:
Substitution E in ͑16͒ gives the equation for oscillations in the system:
where ͑͒ is defined according to expression ͑11͒. Let us consider the small harmonic modulation of parameters at the frequency close to twice the resonant frequency of the microstrip. One can write: 2 ͑ t ͒ϭ 0 2 ͓1ϩh cos͑2 0 ϩ␦ ͒t͔, 0ϽhӶ1, ␦Ӷ 0 .
Substituting the solution in the form of JϷe st cos͕͓ 0 ϩ(␦/2)͔tϪ͖ in ͑19͒, one obtains cos 2ϭϪ2
It is well known that if dissipation is taken into account, the range of instability narrows. In our case the resonance will take place in the range
where Q is determined by the formula ͑14͒. When the modulation of resonant frequency is induced by the modulation of temperature, one can write:
͑21͒
In the following section ␦T s and ␦T b are obtained for the case of the periodical heating of the strip surface.
IV. HEAT TRANSFER IN THE WAVEGUIDE
Let us suppose temperature to depend on the direction z ͑normal to the strip surface͒. In the 1D case heat transfer equation can be written down as
where is a coefficient of thermal conductivity, c is a thermal capacity and is density ͑they can be different for the strip, the buffer layer and the base͒. This equation has been solved with the boundary condition
which implies that the heat flow q is absorbed on the upper surface of the strip. The above-mentioned assumption about the spatially uniform distribution of temperature in the current carrying regions of the waveguide would be satisfied if the following inequality holds:
Here, l is the diffusion length defined here as lϭͱD/2i 0 ͑the value of the square root should be chosen so that Re͓ͱi͔у0͒. For simplicity, we consider the case when the thermal conductivity of the buffer layer is too high and its thickness is too small, so that one can treat buffer layer as a thermoresistance. In other words, we consider the case when
where l buff and l s are diffusion lengths in the strip and buffer layer, respectively. Then, solutions of ͑22͒ can be written in the form
The boundary condition ͑23͒ together with the requirement
on the continuity of the heat flow on the boundary of two regions give
where the quantities with indices s and b correspond, respectively, to the strip and the base and R T is a thermoresistance of the buffer layer. Solving the set of equations ͑26͒ with respect to a 1 , b 1 , and b 2 the spatial distribution of temperature can be found. To complete our calculations of the parametric resonance effect, the amplitudes of the temperature oscillations at the inner surface of the strip and the base surface are needed. They can be written as follows: 
V. RESULTS AND DISCUSSION
Using the results of the previous sections we now determine the frequency band where the excitement of the system will take place. To calculate h according to ͑21͒, one must first determine the derivative ‫.‪T‬ץ/ץ‬ This can be done by using the well-known approximation for ␦ s near T c :
Substituting this approximation into equation ͑21͒ gives
͑28͒
The parametric excitement of the current in the system will take place in the frequency band ␥(2Ϫ␦,2ϩ␦). It is seen that for easy excitement the buffer layer thickness should be minimal. Then the volume occupied by the magnetic field would be maximal and the contribution from kinetic inductance would be dominant over that from geometrical inductance. As a result, the depth of modulation increases. The effect also becomes stronger at T ϷT c . This is related to the fact that as the transition approaches, the concentration of superconducting electrons decreases and, therefore, the influence of its modulation becomes more substantial. It should be noted that our speculations are not applicable too far from the transition region because the thermal conductivity of the superconductor is determined by normal electrons only. On the other hand, they are not applicable in the vicinity of the superconducting transition, either, since in this case the amplitude of the resonant frequency modulation h will not be small ͑see ͑28͒͒.
For simplicity, when making the calculations, we ignored variations in the direction of the strip width ͑along y axis͒. In practice, the current density distribution is inhomogeneous in this direction: the current crowding at the edges of the strip should occur. However, for the set of parameters used in this paper, the London penetration depth is of the order of the strip thickness. Therefore, the effect of inhomogeneous current distribution would lead to a change of our estimates by a small numerical factor. In particular, the laser power required to observe parametric oscillations would slightly increase.
Let us now estimate the voltage, current density and electric power in the excited system. It is assumed that the oscillation growth stops when the dissipated Joule power becomes comparable to the laser beam power. Estimations will be carried out in the effective cross section approach. 12 This means that the total current in the strip is Jϭ j(d)S*, where j(d) is current density and S* is the effective cross section where the current flows. The latter can be approximated as . Thus, one can see that the obtained value of the current density in the excited waveguide exceeds substantially its critical value. This means that the excitation grows until the current density in the superconductor reaches j c . The growth of the excitement will proceed with the characteristic time 1.7ϫ10 Ϫ7 s. In conclusion, a new effect, the parametric resonance in superconducting micron-scale waveguides due to the temperature oscillations, is considered. Its possible application is a high-sensitivity tunable filter of modulated laser beam in the GHz range. The adjustment of the resonant frequency can be achieved by changing the temperature of the resonance system resulting in a change of the penetration depth ␦ s . The high sensitivity of the filter is provided by a high Q-factor of superconductor. Besides this, the considered effect can be used for the creation of an optoelectronic transformer on HTSC films. It should also be noted that instead of the laser beam a source of magnetic field modulated at the same frequency can serve for excitation. 
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